
In[111]:=

SetDirectory[NotebookDirectory[]];
<< MaTeX`
texStyle = {};
SetOptions[MaTeX,

"BasePreamble" → {"\\usepackage{amsmath}", "\\usepackage{xcolor}",
"\\usepackage{fourier}", "\\usepackage{ebgaramond}"}, FontSize → 11];

In[115]:=

frame[legend_] :=
Framed[legend, FrameStyle → Thin, RoundingRadius → 10, FrameMargins → 0];

In[116]:=

Clear[findAllRoots]
(* from https://
mathematica.stackexchange.com/questions/16439/find-all-roots-of-an-
interpolating-function-solution-to-a-differential-equation/16444#16444 *)

SyntaxInformation[findAllRoots] = {"LocalVariables" → {"Plot", {2, 2}},
"ArgumentsPattern" → {_, _, OptionsPattern[]}};

SetAttributes[findAllRoots, HoldAll];

Options[findAllRoots] = Join[{"ShowPlot" → False, PlotRange → All},
FilterRules[Options[Plot], Except[PlotRange]]];

findAllRoots[fn_, {l_, lmin_, lmax_}, opts : OptionsPattern[]] :=
Module[{pl, p, x, localFunction, brackets},
localFunction = ReleaseHold[Hold[fn] /. HoldPattern[l] ⧴ x];
If[lmin ≠ lmax, pl = Plot[localFunction, {x, lmin, lmax}, Evaluate@

FilterRules[Join[{opts}, Options[findAllRoots]], Options[Plot]]];
p = Cases[pl, Line[{x__}] ⧴ x, Infinity];
If[OptionValue["ShowPlot"],
Print[Show[pl, PlotLabel → "Finding roots for this function",

ImageSize → 200, BaseStyle → {FontSize → 8}]]], p = {}];
brackets =

Map[First, Select[(*This Split trick pretends that two points on the
curve are "equal" if the function values have _opposite _ sign.Pairs
of such sign-changes form the brackets for the subsequent FindRoot*)

Split[p, Sign[Last[#2]] ⩵ -Sign[Last[#1]] &], Length[#1] ⩵ 2 &], {2}];
x /. Apply[FindRoot[localFunction ⩵ 0, {x, ##1}] &, brackets, {1}] /. x → {}]

Coefficients of Weyl’s expansion in various settings



In[121]:=

αλ[λ_, μ_] := μ / (λ + 2 μ);
λα[α_, μ_] := μ (1 / α - 2);
CWeyl[d_, λ_, μ_] :=

((λ + 2 μ)^(-d / 2) + (d - 1) μ^(-d / 2)) / (4 Pi)^(d / 2) / Gamma[1 + d / 2];
BDirLiu[d_, λ_, μ_] :=

-((d - 1) / μ^((d - 1) / 2) + 1 / (λ + 2 μ)^((d - 1) / 2)) / 4 / (4 Pi)^((d - 1) / 2) /

Gamma[1 + (d - 1) / 2];
BDir[d_, α_, μ_] := -μ^((1 - d) / 2) / (2^(d + 1) Pi^((d - 1) / 2) Gamma[(1 + d) / 2])

(4 (d - 1) / Pi NIntegrate[τ^(d - 2) ArcTan[Sqrt[(1 - α τ^(-2)) (τ^(-2) - 1)]],
{τ, Sqrt[α], 1}] + α^((d - 1) / 2) + d - 1);

BDirSaVa2[α_, μ_] := 1 / (4 Pi Sqrt[μ]) (-1 - Sqrt[α] -

4 / Pi NIntegrate[ArcTan[Sqrt[(1 - α / ζ^2) (1 / ζ^2 - 1)]], {ζ, Sqrt[α], 1}]);
BDirSaVa3[λ_, μ_] := -1 / (16 Pi) (3 λ^2 + 13 λ μ + 16 μ^2) / (λ^2 μ + 5 λ μ^2 + 6 μ^3);
γR[α_] := SqrtMinx /. Solvex3 - 8 x2 + 16 (-1 + α) + 8 (3 - 2 α) x ⩵ 0, x, Reals;

Bfree[d_, α_, μ_] := μ^((1 - d) / 2) / (2^(d + 1) Pi^((d - 1) / 2) Gamma[(1 + d) / 2])
(4 (d - 1) / Pi NIntegrate[

τ^(d - 2) ArcTan[(τ^(-2) - 2)^2 / (4 Sqrt[(1 - α τ^(-2)) (τ^(-2) - 1)])],
{τ, Sqrt[α], 1}] + α^((d - 1) / 2) + d - 5 + 4 γR[α]^(1 - d));

BfreeSaVa2[α_, μ_] :=
1 / (4 Pi Sqrt[μ]) (4 / γR[α] - 3 + Sqrt[α] + 4 / Pi NIntegrate[ArcTan[

(2 - 1 / ζ^2)^2 / (4 Sqrt[(1 - α / ζ^2) (1 / ζ^2 - 1)])], {ζ, Sqrt[α], 1}]);
BfreeSaVa3[λ_, μ_] :=

1 / (16 Pi) (3 (λ + 2 μ)^2 - 3 (λ + 2 μ) μ + 2 μ^2) / ((λ + 2 μ) μ (λ + μ));

Lame operator, L, is the operator of plane elasticity written in polar coordinates. For vectors, the 
fist component is along the radius.

In[132]:=

Lame =

Function[u, (μ Curl[Curl[Flatten[{u, 0}], {r, ϕ, z}, "Cylindrical"], {r, ϕ, z},
"Cylindrical"] - (λ + 2 μ) Grad[Div[Flatten[{u, 0}], {r, ϕ, z},
"Cylindrical"], {r, ϕ, z}, "Cylindrical"])〚1 ;; 2〛];

Lame[{u1[r, ϕ], u2[r, ϕ]}]

Out[133]=


μ - -u2(0,1)[r,ϕ]+u1(0,2)[r,ϕ]

r
+ u2(1,1)[r, ϕ]

r
-

(λ + 2 μ) -
u1[r, ϕ] + u2(0,1)[r, ϕ]

r2
+
u1(1,0)[r, ϕ] + u2(1,1)[r, ϕ]

r
+ u1(2,0)[r, ϕ] ,

-
(λ + 2 μ)  u1(0,1)[r,ϕ]+u2(0,2)[r,ϕ]

r
+ u1(1,1)[r, ϕ]

r
+

μ -
-u2[r, ϕ] + u1(0,1)[r, ϕ]

r2
+
-u2(1,0)[r, ϕ] + u1(1,1)[r, ϕ]

r
- u2(2,0)[r, ϕ] 

The boundary conditions for the free boundary and for the  Dirichlet problems are set up with
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In[134]:=

T[u_] := ({λ Div[u, {r, ϕ}, "Polar"], 0} + 2 μ D[u, r] +

μ ({1, 0, 0}⨯Curl[Flatten[{u, 0}], {r, ϕ, z}, "Cylindrical"])〚1 ;; 2〛 /.
{r → 1}) // Simplify;

TDir[u_] := {u〚1〛, u〚2〛};

In[136]:=

T[{u1[r, ϕ], u2[r, ϕ]}]

TDir[{u1[r, ϕ], u2[r, ϕ]}]

Out[136]=

λ u1[1, ϕ] + λ u2(0,1)[1, ϕ] + (λ + 2 μ) u1(1,0)[1, ϕ],

μ -u2[1, ϕ] + u1(0,1)[1, ϕ] + u2(1,0)[1, ϕ]

Out[137]=

{u1[r, ϕ], u2[r, ϕ]}

Solutions of Lame system for Λ=0: there are 4 solutions, {r,0}, {0,r}, {1, I} Exp[I ϕ], {1, -I} Exp[-I ϕ] 
This is irrelevant for the discussion and can be skipped

In[138]:=

Collect[Lame[{a r, c r}], r, Simplify]
T[{a r, c r}]

Out[138]=

{0, 0}

Out[139]=

{2 a (λ + μ), 0}

In[140]:=

Collect[Exp[-I ϕ] Lame[{b, I b} Exp[I ϕ]], r, Simplify]
T[{b, I b} Exp[I ϕ]]

Out[140]=

{0, 0}

Out[141]=

{0, 0}

In[142]:=

Collect[Exp[I ϕ] Lame[{b, -I b} Exp[-I ϕ]], r, Simplify]
T[{b, -I b} Exp[-I ϕ]]

Out[142]=

{0, 0}

Out[143]=

{0, 0}

In[144]:=

κ0 = (λ + 3 μ) / (λ + μ)

Out[144]=

λ + 3 μ

λ + μ
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In[145]:=

ClearAll[soln0]; soln0[n_] := Which[
n ⩵ 0, {{r, 0}, {0, r}},
n ⩵ 1, {{1, I}, r^2 {(κ0 - 2), -I (κ0 + 2)}},
n ⩵ -1, {{1, -I}, r^2 {(κ0 - 2), I (κ0 + 2)}},
n ≥ 2, {n r^(n - 1) {1, I}, r^(n + 1) {(κ0 - n - 1), -I (κ0 + n + 1)}},
n ≤ -2, {Abs[n] r^(Abs[n] - 1) {1, -I },
r^(Abs[n] + 1) {(κ0 - Abs[n] - 1), I (κ0 + Abs[n] + 1)}}];

Formula for |n|>=2 in fact works for |n|=1, and we therefore redefine soln0:

In[146]:=

({n r^(n - 1) {1, I}, r^(n + 1) {(κ0 - n - 1), -I (κ0 + n + 1)}} /. n → 1) -

{{1, I}, r^2 {(κ0 - 2), -I (κ0 + 2)}}
Out[146]=

{{0, 0}, {0, 0}}

In[148]:=

soln0[n_] := Piecewise[{
{{{r, 0}, {0, r}}, n ⩵ 0},
{{n r^(n - 1) {1, I}, r^(n + 1) {(κ0 - n - 1), -I (κ0 + n + 1)}} Exp[I n ϕ], n ≥ 1},
{{Abs[n] r^(Abs[n] - 1) {1, -I },

r^(Abs[n] + 1) {(κ0 - Abs[n] - 1), I (κ0 + Abs[n] + 1)}} Exp[I n ϕ], n ≤ -1}
}];

In[149]:=

Table[Map[Lame, soln0[n]], {n, -4, 4}] // Simplify
Out[149]=

{{{0, 0}, {0, 0}}, {{0, 0}, {0, 0}}, {{0, 0}, {0, 0}},
{{0, 0}, {0, 0}}, {{0, 0}, {0, 0}}, {{0, 0}, {0, 0}},
{{0, 0}, {0, 0}}, {{0, 0}, {0, 0}}, {{0, 0}, {0, 0}}}

In[150]:=

Table[Map[T, soln0[n] ], {n, -2, 2}] // Simplify
Out[150]=

4 ⅇ-2 ⅈ ϕ μ, -4 ⅈ ⅇ-2 ⅈ ϕ μ, 0, 12 ⅈ ⅇ-2 ⅈ ϕ μ,

{0, 0}, 4 ⅇ-ⅈ ϕ μ, 4 ⅈ ⅇ-ⅈ ϕ μ, {{2 (λ + μ), 0}, {0, 0}},

{0, 0}, 4 ⅇⅈ ϕ μ, -4 ⅈ ⅇⅈ ϕ μ, 4 ⅇ2 ⅈ ϕ μ, 4 ⅈ ⅇ2 ⅈ ϕ μ, 0, -12 ⅈ ⅇ2 ⅈ ϕ μ

In[151]:=

Table[Map[TDir, soln0[n]], {n, -2, 2}] // Simplify
Out[151]=

2 ⅇ-2 ⅈ ϕ r, -2 ⅈ ⅇ-2 ⅈ ϕ r, -
2 ⅇ-2 ⅈ ϕ r3 λ

λ + μ
,
2 ⅈ ⅇ-2 ⅈ ϕ r3 (2 λ + 3 μ)

λ + μ
,

ⅇ-ⅈ ϕ, -ⅈ ⅇ-ⅈ ϕ, -
ⅇ-ⅈ ϕ r2 (λ - μ)

λ + μ
,

ⅈ ⅇ-ⅈ ϕ r2 (3 λ + 5 μ)

λ + μ
,

{{r, 0}, {0, r}}, ⅇⅈ ϕ, ⅈ ⅇⅈ ϕ, -
ⅇⅈ ϕ r2 (λ - μ)

λ + μ
, -

ⅈ ⅇⅈ ϕ r2 (3 λ + 5 μ)

λ + μ
,

2 ⅇ2 ⅈ ϕ r, 2 ⅈ ⅇ2 ⅈ ϕ r, -
2 ⅇ2 ⅈ ϕ r3 λ

λ + μ
, -

2 ⅈ ⅇ2 ⅈ ϕ r3 (2 λ + 3 μ)

λ + μ


Solutions of the Lame system for Λ≠0. 
We seek these solutions in the form Grad[Φ[r, ϕ]] + Curl[zΨ[r,ϕ]]. Then the scalar potentials Φ 
and Ψ should satisfy Helmholtz equations, as seen from the calculation below. Indeed, setting 
ug=Grad[Φ[r, ϕ]] and uc=Curl[zΨ[r,ϕ]], we get
Lame[ug] - Λ ug = Grad[-(λ+2μ)ΔΦ - ΛΦ] 
and 
Lame[uc] - Λ uc = Curl[z(-μΔΨ - ΛΨ)]

4     final-disk-online.nb



Solutions of the Lame system for Λ≠0. 
We seek these solutions in the form Grad[Φ[r, ϕ]] + Curl[zΨ[r,ϕ]]. Then the scalar potentials Φ 
and Ψ should satisfy Helmholtz equations, as seen from the calculation below. Indeed, setting 
ug=Grad[Φ[r, ϕ]] and uc=Curl[zΨ[r,ϕ]], we get
Lame[ug] - Λ ug = Grad[-(λ+2μ)ΔΦ - ΛΦ] 
and 
Lame[uc] - Λ uc = Curl[z(-μΔΨ - ΛΨ)]

In[152]:=

Curl[ Curl[{0, 0, Ψ[r, ϕ]}, {r, ϕ, z}, "Cylindrical"],
{r, ϕ, z}, "Cylindrical"]〚3〛

Laplacian[Ψ[r, ϕ], {r, ϕ, z}, "Cylindrical"]

Out[152]=

-

Ψ(0,2)[r,ϕ]
r

+ Ψ(1,0)[r, ϕ]

r
- Ψ(2,0)[r, ϕ]

Out[153]=

Ψ(0,2)[r,ϕ]
r

+ Ψ(1,0)[r, ϕ]

r
+ Ψ(2,0)[r, ϕ]

In[154]:=

ug = Grad[Φ[r, ϕ], {r, ϕ, z}, "Cylindrical"]〚1 ;; 2〛
eqg1 = FullSimplify[Lame[ug] - Λ ug];
eqg2 = FullSimplify[
Grad[-(λ + 2 μ) Laplacian[Φ[r, ϕ], {r, ϕ, z}, "Cylindrical"] -

Λ Φ[r, ϕ], {r, ϕ, z}, "Cylindrical"]〚1 ;; 2〛];
eqg1 - eqg2

Out[154]=

Φ(1,0)[r, ϕ],
Φ(0,1)[r, ϕ]

r


Out[157]=

{0, 0}

In[158]:=

uc = Curl[{0, 0, Ψ[r, ϕ]}, {r, ϕ, z}, "Cylindrical"]〚1 ;; 2〛
eqc1 = FullSimplify[Lame[uc] - Λ uc];
eqc2 = FullSimplify[
Curl[{0, 0, -μ Laplacian[Ψ[r, ϕ], {r, ϕ, z}, "Cylindrical"] - Λ Ψ[r, ϕ]},
{r, ϕ, z}, "Cylindrical"]〚1 ;; 2〛];

eqc1 - eqc2 // Simplify
Out[158]=


Ψ(0,1)[r, ϕ]

r
, -Ψ(1,0)[r, ϕ]

Out[161]=

{0, 0}

The solutions of Helmholtz equation -ΔΘ-kΘ=0 are 

θ = J n  k r exp(I nϕ) for k > 0 and θ = I n  -k r exp(I n ϕ) for k < 0.

We will only deal with non-negative n’s remembering later to double the multiplicities for n≠0. 
solnneg refers to k<0 and may be ignored

final-disk-online.nb     5



In[162]:=

solnpos[n_] :=
{Grad[BesselJ[n, Sqrt[Λ / (λ + 2 μ)] r] Exp[I n ϕ], {r, ϕ, z}, "Cylindrical"]〚1 ;; 2〛,

Curl[{0, 0, BesselJ[n, Sqrt[Λ / μ] r] Exp[I n ϕ]}, {r, ϕ, z}, "Cylindrical"]〚
1 ;; 2〛} /. BesselJ[-1 + n, z_] → (2 n BesselJ[n, z] / z - BesselJ[n + 1, z])

solnneg[n_] :=
{Grad[BesselI[n, Sqrt[-Λ / (λ + 2 μ)] r] Exp[I n ϕ], {r, ϕ, z}, "Cylindrical"]〚

1 ;; 2〛, Curl[{0, 0, BesselI[n, Sqrt[-Λ / μ] r] Exp[I n ϕ]},
{r, ϕ, z}, "Cylindrical"]〚1 ;; 2〛} /.

BesselI[-1 + n, z_] → (2 n BesselI[n, z] / z + BesselI[n + 1, z]) // FullSimplify;

Just to check that we indeed produce solutions of Lame system for both positive and negative n:

In[164]:=

Map[(Lame[#] - Λ #) &, solnpos[n]] // FullSimplify
Out[164]=

{{0, 0}, {0, 0}}

In[165]:=

solnposMinusn[n_] :=
{Grad[BesselJ[n, Sqrt[Λ / (λ + 2 μ)] r] Exp[-I n ϕ], {r, ϕ, z}, "Cylindrical"]〚

1 ;; 2〛, Curl[{0, 0, BesselJ[n, Sqrt[Λ / μ] r] Exp[-I n ϕ]},
{r, ϕ, z}, "Cylindrical"]〚1 ;; 2〛} /.

BesselJ[-1 + n, z_] → (2 n BesselJ[n, z] / z - BesselJ[n + 1, z]);

In[166]:=

Map[(Lame[#] - Λ #) &, solnposMinusn[n]] // FullSimplify
Out[166]=

{{0, 0}, {0, 0}}

This is to check that choosing plus or minus n does not affect b.c. : the first (gradient) solutions 
changes the radial part as (u,v)->(u,-v) under n->-n,
the second (curl) solution changes the radial part as (u,v)->(-u,v) under n->-n, so homogeneous 
conditions stay the same. So from now on we just deal with n>= 0 and double all the eigenvalues 
for non-zero n 
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In[167]:=

Exp[-I n ϕ] solnpos[n]〚1〛 -

Exp[I n ϕ] {{1, 0}, {0, -1}} .solnposMinusn[n]〚1〛 // Simplify
Exp[-I n ϕ] solnpos[n]〚2〛 -

Exp[I n ϕ] {{-1, 0}, {0, 1}} .solnposMinusn[n]〚2〛 // Simplify
Exp[-I n ϕ] T[solnpos[n]〚1〛] -

Exp[I n ϕ] {{1, 0}, {0, -1}} .T[solnposMinusn[n]〚1〛] // Simplify
Exp[-I n ϕ] T[solnpos[n]〚2〛] -

Exp[I n ϕ] {{-1, 0}, {0, 1}} .T[solnposMinusn[n]〚2〛] // Simplify
Out[167]=

{0, 0}

Out[168]=

{0, 0}

Out[169]=

{0, 0}

Out[170]=

{0, 0}

The Dirichlet eigenvalues are the Λ-roots of

In[171]:=

(Map[(# /. {r → 1, Exp[_] → 1}) &, solnpos[n]] // Det) // FullSimplify

Out[171]=

n
Λ

μ
BesselJn,

Λ

λ + 2 μ
 BesselJ1 + n,

Λ

μ
 +

Λ

λ + 2 μ
n BesselJn,

Λ

μ
 -

Λ

μ
BesselJ1 + n,

Λ

μ
 BesselJ1 + n,

Λ

λ + 2 μ


In[172]:=

Direigseq = (Map[(# /. {r → 1, Exp[_] → 1}) &, solnpos[n]] // Det) /.
BesselJ[-1 + n, z_] → (2 n BesselJ[n, z] / z - BesselJ[n + 1, z]) // FullSimplify

Out[172]=

n
Λ

μ
BesselJn,

Λ

λ + 2 μ
 BesselJ1 + n,

Λ

μ
 +

Λ

λ + 2 μ
n BesselJn,

Λ

μ
 -

Λ

μ
BesselJ1 + n,

Λ

μ
 BesselJ1 + n,

Λ

λ + 2 μ

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In[183]:=

Direigseqω = Direigseq /. 
Λ

λ + 2 μ
→ ω1,Λ,

Λ

μ
→ ω2,Λ, n → k

Direigseqω /. n → 0
Direigseqω // TeXForm

Out[183]=

BesselJ1 + k, ω1,Λ  ω1,Λ k BesselJk, ω2,Λ  - BesselJ1 + k, ω2,Λ  ω2,Λ  +

k BesselJk, ω1,Λ  BesselJ1 + k, ω2,Λ  ω2,Λ

Out[184]=

BesselJ1 + k, ω1,Λ  ω1,Λ k BesselJk, ω2,Λ  - BesselJ1 + k, ω2,Λ  ω2,Λ  +

k BesselJk, ω1,Λ  BesselJ1 + k, ω2,Λ  ω2,Λ

Out[185]//TeXForm=

k \sqrt{\omega _{2,\Lambda }} J_k\left(\sqrt{\omega _{1,\Lambda }}\right)
   J_{k+1}\left(\sqrt{\omega _{2,\Lambda }}\right)+\sqrt{\omega _{1,\Lambda }}
   J_{k+1}\left(\sqrt{\omega _{1,\Lambda }}\right) \left(k J_k\left(\sqrt{\omega
   _{2,\Lambda }}\right)-\sqrt{\omega _{2,\Lambda }} J_{k+1}\left(\sqrt{\omega
   _{2,\Lambda }}\right)\right)

and the Neumann eigenvalues are Λ-roots of (this sometimes does not show as Bessels but as 
Hypergeometric functions)

In[186]:=

Neueigseq = (Map[(T[#] /. {r → 1, Exp[_] → 1}) &, solnpos[n]] // Det) /.
BesselJ[-1 + n, z_] → (2 n BesselJ[n, z] / z - BesselJ[n + 1, z]) // FullSimplify

Out[186]=

2
Λ

μ
μ BesselJ1 + n,

Λ

μ
 Λ + 2 n μ - 2 n3 μ BesselJn,

Λ

λ + 2 μ
 +

2 -1 + n2 μ
Λ

λ + 2 μ
BesselJ1 + n,

Λ

λ + 2 μ
 +

BesselJn,
Λ

μ
 -Λ (Λ - 4 (-1 + n) n μ) BesselJn,

Λ

λ + 2 μ
 +

2 μ
Λ

λ + 2 μ
Λ + 2 n μ - 2 n3 μ BesselJ1 + n,

Λ

λ + 2 μ


In[192]:=

Direq[λ_, μ_, n_, Λ_] :=

n
1

μ
BesselJn,

Λ

λ + 2 μ
 BesselJ1 + n,

Λ

μ
 +

1

λ + 2 μ

n BesselJn,
Λ

μ
 -

Λ

μ
BesselJ1 + n,

Λ

μ
 BesselJ1 + n,

Λ

λ + 2 μ
;

Simplify[Direq[λ, μ, n, Λ] - Direigseq / Sqrt[Λ], Λ > 0 && μ > 0 && λ + 2 μ > 0]
Out[196]=

0
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In[197]:=

Direq[λ, μ, n, Λ] // FullSimplify
Direq[λ, μ, 0, Λ] // Simplify

Out[197]=

n
1

μ
BesselJn,

Λ

λ + 2 μ
 BesselJ1 + n,

Λ

μ
 +

1

λ + 2 μ
n BesselJn,

Λ

μ
 -

Λ

μ
BesselJ1 + n,

Λ

μ
 BesselJ1 + n,

Λ

λ + 2 μ


Out[198]=

-
Λ

μ

1

λ + 2 μ
BesselJ1,

Λ

μ
 BesselJ1,

Λ

λ + 2 μ


Neueq[λ_, μ_, n_, Λ_] :=

2
Λ

μ
μ BesselJ1 + n,

Λ

μ
 Λ + 2 n μ - 2 n3 μ BesselJn,

Λ

λ + 2 μ
 +

2 -1 + n2 μ
Λ

λ + 2 μ
BesselJ1 + n,

Λ

λ + 2 μ
 +

BesselJn,
Λ

μ
 -Λ (Λ - 4 (-1 + n) n μ) BesselJn,

Λ

λ + 2 μ
 +

2 μ
Λ

λ + 2 μ
Λ + 2 n μ - 2 n3 μ BesselJ1 + n,

Λ

λ + 2 μ
 ;

Simplify[Neueq[λ, μ, n, Λ] - Neueigseq, Λ > 0 && μ > 0 && λ + 2 μ > 0]
Out[200]=

0
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In[201]:=

Direigs[λ0_, μ0_, nmax_, Λmax_] := Module[{t, j},
t = Table[findAllRoots[Direq[λ0, μ0, n, Λ], {Λ, 0., Λmax}], {n, 0, nmax}];
t = {t〚1〛, Table[{t〚j〛, t〚j〛}, {j, 2, Length[t]}]} // Flatten;
t // Sort

];
DireigsWithn[λ0_, μ0_, nmax_, Λmax_] := Module[{t, t1, t2, t3, pair},

t = Table[findAllRoots[Direq[λ0, μ0, n, Λ], {Λ, 0., Λmax}], {n, 0, nmax}];
t1 = Select[Table[If[Length[t〚n + 1〛] > 0, Thread[{n, t〚n + 1〛}]],

{n, 0, nmax}], Length[#] > 0 &];
t2 = SortBy[Flatten[t1, 1], N[#〚2〛] &];
t2

];
Neueigs[λ0_, μ0_, nmax_, Λmax_] := Module[{t, k},

t = Table[findAllRoots[Neueq[λ0, μ0, n, Λ], {Λ, 0., Λmax}], {n, 0, nmax}];
t = {t〚1〛, Table[{t〚j〛, t〚j〛}, {j, 2, Length[t]}]} // Flatten;
{0., 0., 0., t // Sort} // Flatten

]

NeueigsWithn[λ0_, μ0_, nmax_, Λmax_] := Module[{t, t1, t2, t3, pair},
t = Table[findAllRoots[Neueq[λ0, μ0, n, Λ], {Λ, 0., Λmax}], {n, 0, nmax}];
t1 = Select[Table[If[Length[t〚n + 1〛] > 0, Thread[{n, t〚n + 1〛}]],

{n, 0, nmax}], Length[#] > 0 &];
t2 = SortBy[Flatten[t1, 1], #〚2〛 &];
PrependTo[t2, {1, 0.}];
PrependTo[t2, {0, 0.}];
t2

];

Examples:

In[205]:=

Direigs[0, 1, 52, 3200.]
DireigsWithn[0, 1, 52, 3200.]

Out[205]=

{8.6126, 8.6126, 14.682, 21.5228, 21.5228, 28.4568, 28.4568, 29.3639, 37.877,
37.877, 45.6306, 45.6306, 49.2185, 56.5338, 56.5338, 57.1305, 57.1305,
66.5435, 66.5435, 73.2943, 73.2943, 78.9392, 78.9392, 87.3123, 87.3123,
91.3676, 91.3676, 98.4369, 102.173, 102.173, 103.116, 103.116, 103.499,
119.457, 119.457, 120.145, 120.145, 129.574, 129.574, 136.197, 136.197,
137.73, 137.73, 146.55, 146.55, 152.77, 152.77, 152.792, 152.792, 158.279,
158.279, 172.371, 172.371, 177.521, 179.857, 179.857, 188.279, 188.279,
189.136, 189.136, 189.219, 189.219, 199.678, 199.678, 206.999, 211.665,
211.665, 220.859, 220.859, 222.389, 222.389, 226.55, 226.55, 227.234, 227.234,
228.956, 228.956, 254.205, 254.205, 257.789, 257.789, 257.86, 257.86, 267.283,
267.283, 267.848, 267.848, 271.282, 272.015, 272.015, 274.041, 274.041,
278.981, 278.981, 295.414, 295.414, 300.128, 300.128, 312.339, 312.339,
317.089, 317.089, 318.072, 318.072, 320.486, 320.486, 324.66, 324.66, 334.476,
334.476, 335.262, 335.262, 346.239, 346.239, 349.634, 349.634, 355.042,
360.159, 360.159, 366.908, 366.908, 370.689, 370.689, 377.33, 377.33, 381.579,
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381.579, 384.782, 386.533, 386.533, 393.143, 393.143, 403.003, 403.003,
411.417, 411.417, 418.331, 418.331, 421.569, 421.569, 421.614, 421.614,
428.934, 428.934, 440.743, 440.743, 443.875, 443.875, 449.045, 449.045,
454.241, 454.241, 454.435, 454.435, 460.589, 460.589, 466.198, 466.198,
468.109, 468.109, 472.187, 472.187, 493.414, 493.414, 493.419, 493.419,
512.564, 512.564, 516.81, 516.81, 517.93, 517.93, 518.002, 518.002, 518.021,
521.87, 521.87, 522.763, 522.763, 524.552, 524.552, 528.363, 528.363,
535.867, 535.867, 542.563, 561.239, 561.239, 565.715, 565.715, 567.713,
567.713, 581.773, 581.773, 583.429, 583.429, 586.479, 586.479, 586.785,
586.785, 589.537, 589.537, 589.792, 589.792, 590.936, 590.936, 604.308,
604.308, 620.814, 620.814, 630.258, 630.258, 633.814, 633.814, 645.518,
645.518, 647.408, 647.408, 649.189, 649.189, 650.969, 650.969, 651.934,
651.934, 653.914, 653.914, 658.493, 658.493, 661.718, 661.718, 666.847,
666.847, 671., 676.107, 676.107, 697.342, 697.342, 701.941, 701.941, 710.208,
710.208, 720.732, 720.732, 720.825, 720.825, 729.243, 729.243, 729.675,
729.675, 731.352, 731.352, 733.59, 733.59, 737.097, 737.097, 738.344,
738.344, 745.931, 745.931, 753.91, 753.91, 761.405, 761.405, 769.564,
775.179, 775.179, 776.722, 776.722, 792.951, 792.951, 793.023, 793.023,
793.256, 793.256, 795.28, 795.28, 803.604, 803.604, 807.954, 807.954,
819.314, 819.314, 821.986, 821.986, 828.4, 828.4, 839.982, 839.982, 842.321,
842.321, 843.718, 844.965, 844.965, 854.873, 854.873, 855.103, 855.103,
867.85, 867.85, 868.371, 868.371, 878.561, 878.561, 880.6, 880.6, 890.371,
890.371, 895.695, 895.695, 897.061, 897.061, 904.208, 904.208, 911.64,
911.64, 914.738, 914.738, 916.499, 916.499, 919.126, 919.126, 929.75, 929.75,
936.659, 936.659, 936.696, 936.696, 945.631, 945.631, 946.698, 946.698,
955.851, 955.851, 960.91, 960.91, 977.122, 977.122, 983.142, 983.142, 985.322,
985.322, 992.603, 992.603, 997.826, 997.826, 1001.22, 1001.22, 1006.37,
1006.37, 1014.03, 1014.03, 1022.6, 1022.6, 1024.04, 1024.04, 1025.95,
1025.95, 1026.46, 1026.46, 1027.83, 1027.83, 1036.13, 1036.13, 1044.76,
1044.76, 1053.69, 1053.69, 1056.84, 1056.84, 1065.43, 1065.43, 1069.45,
1069.45, 1084.1, 1084.1, 1105.58, 1105.58, 1106.74, 1106.74, 1107.48,
1107.48, 1110.48, 1110.48, 1111.6, 1111.6, 1113.15, 1113.15, 1113.68,
1113.68, 1124.22, 1124.22, 1128.88, 1128.88, 1132.35, 1132.35, 1132.73,
1132.73, 1138.63, 1138.63, 1140.92, 1140.92, 1167.75, 1167.75, 1168.96,
1168.96, 1169.39, 1169.39, 1178.36, 1178.36, 1182.24, 1182.24, 1196.91,
1196.91, 1197.81, 1197.81, 1197.85, 1197.85, 1207.45, 1207.45, 1208.33,
1208.33, 1209.02, 1209.02, 1210.82, 1210.82, 1214.65, 1214.65, 1222.68,
1222.68, 1223.91, 1223.91, 1230.95, 1230.95, 1244.1, 1244.1, 1248.37,
1269.63, 1269.63, 1271.76, 1271.76, 1272.38, 1272.38, 1275.1, 1275.1,
1278.56, 1278.56, 1286.47, 1286.47, 1288.53, 1288.53, 1291.12, 1291.12,
1309.18, 1309.18, 1309.91, 1309.91, 1310.64, 1310.64, 1310.87, 1310.87,
1316.49, 1316.49, 1319.6, 1319.6, 1334.12, 1334.12, 1335.82, 1335.82, 1342.,
1348.59, 1348.59, 1348.77, 1348.77, 1352.66, 1352.66, 1360.86, 1360.86,
1371.25, 1371.25, 1373.64, 1373.64, 1374.14, 1374.14, 1377.34, 1377.34,
1382.68, 1382.68, 1396.34, 1396.34, 1410.87, 1410.87, 1411.99, 1411.99,
1413.6, 1413.6, 1418.95, 1418.95, 1419.27, 1419.27, 1419.56, 1419.56,
1427.93, 1427.93, 1443.84, 1443.84, 1458.37, 1458.37, 1459.01, 1459.01,
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1464.4, 1464.4, 1470.41, 1470.41, 1475.26, 1475.26, 1475.4, 1475.4, 1476.38,
1476.38, 1480.27, 1480.27, 1480.31, 1481.12, 1481.12, 1491.44, 1491.44,
1507.74, 1507.74, 1509.25, 1509.25, 1515.82, 1515.82, 1520.84, 1520.84,
1521.18, 1521.18, 1523.42, 1523.42, 1523.8, 1523.8, 1533.01, 1533.01,
1545.32, 1545.32, 1554.3, 1554.3, 1555.25, 1555.25, 1565.6, 1565.6, 1578.89,
1578.89, 1579.55, 1579.55, 1581.27, 1581.27, 1582.26, 1582.26, 1592.71,
1592.71, 1595.15, 1595.15, 1602.74, 1602.74, 1611.94, 1611.94, 1618.37,
1618.37, 1622.15, 1622.15, 1629.44, 1629.44, 1632.26, 1632.26, 1632.27,
1632.27, 1634.48, 1634.48, 1650.46, 1650.46, 1652.44, 1652.44, 1653.49,
1653.49, 1662.91, 1662.91, 1670.48, 1670.48, 1678.31, 1678.31, 1678.83,
1678.83, 1684.71, 1684.71, 1685.61, 1685.61, 1687.44, 1692.64, 1692.64,
1698.7, 1698.7, 1701.28, 1701.28, 1717.82, 1717.82, 1725.86, 1725.86,
1728.59, 1728.59, 1731.45, 1731.45, 1731.98, 1737.78, 1737.78, 1744.82,
1744.82, 1747.36, 1747.36, 1758.92, 1758.92, 1762.3, 1762.3, 1766.06,
1766.06, 1767.17, 1767.17, 1776.47, 1776.47, 1783.95, 1783.95, 1790.54,
1790.54, 1792.98, 1792.98, 1793.18, 1793.18, 1806.83, 1806.83, 1816.01,
1816.01, 1819.46, 1819.46, 1823.96, 1823.96, 1844.07, 1844.07, 1848.,
1848., 1848.58, 1848.58, 1848.81, 1848.81, 1848.95, 1848.95, 1855.95,
1855.95, 1861.22, 1861.22, 1863.39, 1863.39, 1863.8, 1863.8, 1865.07,
1865.07, 1867.38, 1867.38, 1873.79, 1873.79, 1900.8, 1900.8, 1903.85,
1903.85, 1903.86, 1903.86, 1904.35, 1904.35, 1915.28, 1915.28, 1916.52,
1916.52, 1918.06, 1918.06, 1920.12, 1920.12, 1925.38, 1925.38, 1947.97,
1947.97, 1959.74, 1959.74, 1960.36, 1960.36, 1962.82, 1962.82, 1963.4,
1963.4, 1967.38, 1967.38, 1981.19, 1981.19, 1985.11, 1985.11, 1991.93,
1991.93, 1994.02, 1994.02, 1998.94, 1998.94, 2003.4, 2006.59, 2006.59,
2013.32, 2013.32, 2017.49, 2017.49, 2017.5, 2017.5, 2035.38, 2035.38,
2041.32, 2041.32, 2042.14, 2042.14, 2042.23, 2042.23, 2049.09, 2049.09,
2053.09, 2053.09, 2057.68, 2057.68, 2058.29, 2058.29, 2064.73, 2064.73,
2072.35, 2073.08, 2073.08, 2080.06, 2080.06, 2080.67, 2080.67, 2092.97,
2092.97, 2104.45, 2104.45, 2113.57, 2113.57, 2119.94, 2119.94, 2123.76,
2123.76, 2127.96, 2127.96, 2129.78, 2129.78, 2133.92, 2133.92, 2134.06,
2134.06, 2137.09, 2137.09, 2138.43, 2138.43, 2145.47, 2145.47, 2168.89,
2168.89, 2178.68, 2178.68, 2179.01, 2179.01, 2180.89, 2180.89, 2183.42,
2183.42, 2185.89, 2185.89, 2195.41, 2195.41, 2200.72, 2200.72, 2205.4,
2205.4, 2213.32, 2213.32, 2216.03, 2216.03, 2227.33, 2227.33, 2230.15,
2230.15, 2230.73, 2230.73, 2236.86, 2236.86, 2252.98, 2252.98, 2253.7,
2253.7, 2257.5, 2257.5, 2261.29, 2261.29, 2261.75, 2261.75, 2276.26,
2276.26, 2277.62, 2277.62, 2278.29, 2278.29, 2290.52, 2290.52, 2290.84,
2290.84, 2294.55, 2295.88, 2295.88, 2304.32, 2304.32, 2313.79, 2313.79,
2316.15, 2316.15, 2319.94, 2319.94, 2320.71, 2320.71, 2325., 2325., 2332.68,
2332.68, 2334.97, 2334.97, 2337.42, 2337.42, 2359.78, 2359.78, 2364.41,
2364.41, 2367.22, 2367.22, 2374.52, 2374.52, 2376.53, 2376.53, 2378.67,
2378.67, 2395.35, 2395.35, 2398.19, 2398.19, 2402.93, 2402.93, 2422.7,
2422.7, 2423.6, 2423.6, 2427.6, 2427.6, 2432.37, 2432.37, 2438.67, 2438.67,
2440.11, 2440.11, 2441.27, 2441.27, 2446.55, 2446.55, 2448.72, 2448.72,
2453.03, 2453.03, 2456.59, 2456.59, 2460.94, 2460.94, 2464.14, 2464.14,
2469.71, 2469.71, 2469.72, 2469.72, 2474.38, 2474.38, 2488.57, 2488.57,
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2491.41, 2491.41, 2496.74, 2498.41, 2498.41, 2502.66, 2502.66, 2504.7,
2504.7, 2517.18, 2517.18, 2531.62, 2531.62, 2536.7, 2536.7, 2542.3, 2542.3,
2544.92, 2544.92, 2550.58, 2550.58, 2555.9, 2555.9, 2570.55, 2570.55,
2579.56, 2579.56, 2584.94, 2584.94, 2585.03, 2585.03, 2590.16, 2590.16,
2595.74, 2595.74, 2596.41, 2596.41, 2601.66, 2601.66, 2605.44, 2607.27,
2607.27, 2609.87, 2609.87, 2612.95, 2612.95, 2621.49, 2621.49, 2624.53,
2624.53, 2625.47, 2625.47, 2632.16, 2632.16, 2633.6, 2633.6, 2648., 2648.,
2648.62, 2648.62, 2651.85, 2651.85, 2657.27, 2657.27, 2670.82, 2670.82,
2671., 2671., 2690.35, 2690.35, 2704.48, 2704.48, 2719.23, 2719.23,
2720.78, 2720.78, 2721.58, 2721.58, 2722.57, 2722.57, 2723.65, 2723.65,
2726.97, 2726.97, 2739.91, 2739.91, 2745.81, 2745.81, 2746.19, 2746.19,
2747.61, 2747.61, 2752.2, 2752.2, 2752.79, 2752.79, 2755.41, 2755.41,
2760.54, 2760.54, 2760.91, 2760.91, 2761.51, 2761.51, 2761.88, 2761.88,
2764.41, 2764.41, 2765.06, 2765.06, 2767.46, 2767.46, 2771.17, 2771.17,
2796.92, 2796.92, 2813.44, 2813.44, 2820.6, 2820.6, 2842.43, 2842.43,
2843.82, 2843.82, 2860.51, 2860.51, 2860.56, 2860.56, 2865.18, 2865.18,
2872.09, 2872.09, 2872.98, 2872.98, 2875.78, 2875.78, 2877.23, 2877.23,
2881.83, 2881.83, 2883.12, 2883.12, 2887.16, 2887.16, 2887.78, 2887.78,
2900.63, 2900.63, 2901.38, 2901.38, 2906.01, 2906.01, 2906.12, 2906.12,
2912.12, 2912.12, 2912.12, 2912.12, 2930.62, 2930.62, 2934.43, 2934.43,
2936.07, 2936.37, 2936.37, 2936.81, 2936.81, 2937.41, 2937.41, 2951.26,
2951.26, 2954.04, 2954.04, 2960.05, 2960.05, 2960.62, 2985.39, 2985.39,
2995.15, 2995.15, 2995.95, 2995.95, 3003.68, 3003.68, 3004.22, 3004.22,
3007.4, 3007.4, 3007.49, 3007.49, 3010.09, 3010.09, 3015.48, 3015.48,
3025.79, 3025.79, 3030.71, 3030.71, 3041.06, 3041.06, 3041.27, 3041.27,
3041.75, 3041.75, 3052.45, 3052.45, 3061.57, 3061.57, 3061.78, 3061.78,
3081.22, 3081.22, 3085.18, 3085.18, 3099.06, 3099.06, 3100.81, 3100.81,
3101.63, 3101.63, 3107.72, 3107.72, 3111.38, 3111.38, 3111.41, 3111.41,
3115.02, 3115.02, 3115.26, 3115.26, 3115.48, 3115.48, 3115.48, 3115.48,
3121.12, 3121.12, 3149.08, 3149.08, 3149.84, 3149.84, 3151.64, 3151.64,
3158.82, 3158.82, 3159.34, 3159.34, 3175.79, 3175.79, 3177.24, 3177.24,
3184.04, 3184.04, 3185.31, 3185.31, 3189.93, 3189.93, 3191.01, 3191.01}

Out[206]=

{{1, 8.6126}, {0, 14.682}, {2, 21.5228}, {1, 28.4568}, {0, 29.3639}, {3, 37.877},
{2, 45.6306}, {0, 49.2185}, {1, 56.5338}, {4, 57.1305}, {3, 66.5435},
{1, 73.2943}, {5, 78.9392}, {2, 87.3123}, {4, 91.3676}, {0, 98.4369},
{2, 102.173}, {6, 103.116}, {0, 103.499}, {3, 119.457}, {5, 120.145},
{7, 129.574}, {1, 136.197}, {3, 137.73}, {1, 146.55}, {4, 152.77}, {6, 152.792},
{8, 158.279}, {2, 172.371}, {0, 177.521}, {4, 179.857}, {5, 188.279},
{7, 189.136}, {9, 189.219}, {2, 199.678}, {0, 206.999}, {3, 211.665},
{1, 220.859}, {10, 222.389}, {6, 226.55}, {5, 227.234}, {8, 228.956},
{4, 254.205}, {11, 257.789}, {3, 257.86}, {2, 267.283}, {7, 267.848},
{0, 271.282}, {9, 272.015}, {1, 274.041}, {6, 278.981}, {12, 295.414},
{5, 300.128}, {8, 312.339}, {3, 317.089}, {10, 318.072}, {4, 320.486},
{1, 324.66}, {7, 334.476}, {13, 335.262}, {2, 346.239}, {6, 349.634},
{0, 355.042}, {9, 360.159}, {11, 366.908}, {4, 370.689}, {14, 377.33},
{2, 381.579}, {0, 384.782}, {5, 386.533}, {8, 393.143}, {7, 403.003},
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{10, 411.417}, {12, 418.331}, {3, 421.569}, {15, 421.614}, {5, 428.934},
{1, 440.743}, {3, 443.875}, {1, 449.045}, {6, 454.241}, {9, 454.435},
{8, 460.589}, {11, 466.198}, {16, 468.109}, {13, 472.187}, {4, 493.414},
{6, 493.419}, {2, 512.564}, {17, 516.81}, {10, 517.93}, {4, 518.002},
{0, 518.021}, {7, 521.87}, {9, 522.763}, {12, 524.552}, {14, 528.363},
{2, 535.867}, {0, 542.563}, {5, 561.239}, {7, 565.715}, {18, 567.713},
{3, 581.773}, {11, 583.429}, {13, 586.479}, {15, 586.785}, {8, 589.537},
{10, 589.792}, {1, 590.936}, {5, 604.308}, {19, 620.814}, {6, 630.258},
{3, 633.814}, {8, 645.518}, {16, 647.408}, {1, 649.189}, {12, 650.969},
{14, 651.934}, {4, 653.914}, {9, 658.493}, {11, 661.718}, {2, 666.847},
{0, 671.}, {20, 676.107}, {6, 697.342}, {7, 701.941}, {17, 710.208},
{13, 720.732}, {15, 720.825}, {5, 729.243}, {10, 729.675}, {9, 731.352},
{21, 733.59}, {4, 737.097}, {12, 738.344}, {3, 745.931}, {1, 753.91},
{2, 761.405}, {0, 769.564}, {18, 775.179}, {8, 776.722}, {14, 792.951},
{16, 793.023}, {22, 793.256}, {7, 795.28}, {11, 803.604}, {6, 807.954},
{13, 819.314}, {10, 821.986}, {4, 828.4}, {2, 839.982}, {19, 842.321},
{0, 843.718}, {5, 844.965}, {9, 854.873}, {23, 855.103}, {15, 867.85},
{17, 868.371}, {3, 878.561}, {12, 880.6}, {7, 890.371}, {1, 895.695},
{8, 897.061}, {14, 904.208}, {20, 911.64}, {5, 914.738}, {11, 916.499},
{24, 919.126}, {3, 929.75}, {1, 936.659}, {10, 936.696}, {16, 945.631},
{18, 946.698}, {6, 955.851}, {13, 960.91}, {8, 977.122}, {21, 983.142},
{25, 985.322}, {15, 992.603}, {4, 997.826}, {9, 1001.22}, {6, 1006.37},
{12, 1014.03}, {11, 1022.6}, {2, 1024.04}, {4, 1025.95}, {17, 1026.46},
{19, 1027.83}, {2, 1036.13}, {14, 1044.76}, {26, 1053.69}, {22, 1056.84},
{7, 1065.43}, {9, 1069.45}, {16, 1084.1}, {10, 1105.58}, {5, 1106.74},
{7, 1107.48}, {18, 1110.48}, {20, 1111.6}, {12, 1113.15}, {13, 1113.68},
{27, 1124.22}, {3, 1128.88}, {15, 1132.35}, {23, 1132.73}, {1, 1138.63},
{5, 1140.92}, {3, 1167.75}, {8, 1168.96}, {10, 1169.39}, {17, 1178.36},
{1, 1182.24}, {28, 1196.91}, {19, 1197.81}, {21, 1197.85}, {6, 1207.45},
{11, 1208.33}, {13, 1209.02}, {24, 1210.82}, {14, 1214.65}, {8, 1222.68},
{16, 1223.91}, {4, 1230.95}, {2, 1244.1}, {0, 1248.37}, {9, 1269.63},
{29, 1271.76}, {6, 1272.38}, {18, 1275.1}, {11, 1278.56}, {22, 1286.47},
{20, 1288.53}, {25, 1291.12}, {7, 1309.18}, {12, 1309.91}, {4, 1310.64},
{14, 1310.87}, {15, 1316.49}, {17, 1319.6}, {2, 1334.12}, {5, 1335.82},
{0, 1342.}, {9, 1348.59}, {30, 1348.77}, {3, 1352.66}, {1, 1360.86},
{10, 1371.25}, {26, 1373.64}, {19, 1374.14}, {23, 1377.34}, {21, 1382.68},
{12, 1396.34}, {7, 1410.87}, {13, 1411.99}, {8, 1413.6}, {15, 1418.95},
{16, 1419.27}, {18, 1419.56}, {31, 1427.93}, {6, 1443.84}, {27, 1458.37},
{5, 1459.01}, {4, 1464.4}, {24, 1470.41}, {11, 1475.26}, {20, 1475.4},
{2, 1476.38}, {22, 1480.27}, {0, 1480.31}, {10, 1481.12}, {3, 1491.44},
{1, 1507.74}, {32, 1509.25}, {14, 1515.82}, {13, 1520.84}, {9, 1521.18},
{17, 1523.42}, {19, 1523.8}, {16, 1533.01}, {28, 1545.32}, {8, 1554.3},
{7, 1555.25}, {25, 1565.6}, {21, 1578.89}, {5, 1579.55}, {23, 1581.27},
{12, 1582.26}, {33, 1592.71}, {3, 1595.15}, {1, 1602.74}, {6, 1611.94},
{11, 1618.37}, {15, 1622.15}, {18, 1629.44}, {10, 1632.26}, {20, 1632.27},
{29, 1634.48}, {14, 1650.46}, {17, 1652.44}, {4, 1653.49}, {26, 1662.91},
{8, 1670.48}, {34, 1678.31}, {2, 1678.83}, {22, 1684.71}, {24, 1685.61},
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{0, 1687.44}, {13, 1692.64}, {6, 1698.7}, {9, 1701.28}, {4, 1717.82},
{30, 1725.86}, {2, 1728.59}, {16, 1731.45}, {0, 1731.98}, {19, 1737.78},
{21, 1744.82}, {11, 1747.36}, {12, 1758.92}, {27, 1762.3}, {35, 1766.06},
{7, 1767.17}, {18, 1776.47}, {15, 1783.95}, {9, 1790.54}, {23, 1792.98},
{25, 1793.18}, {14, 1806.83}, {5, 1816.01}, {31, 1819.46}, {7, 1823.96},
{17, 1844.07}, {3, 1848.}, {5, 1848.58}, {20, 1848.81}, {10, 1848.95},
{36, 1855.95}, {22, 1861.22}, {1, 1863.39}, {28, 1863.8}, {3, 1865.07},
{12, 1867.38}, {1, 1873.79}, {13, 1900.8}, {24, 1903.85}, {26, 1903.86},
{19, 1904.35}, {32, 1915.28}, {8, 1916.52}, {10, 1918.06}, {16, 1920.12},
{15, 1925.38}, {37, 1947.97}, {6, 1959.74}, {18, 1960.36}, {21, 1962.82},
{8, 1963.4}, {29, 1967.38}, {23, 1981.19}, {4, 1985.11}, {11, 1991.93},
{13, 1994.02}, {2, 1998.94}, {0, 2003.4}, {6, 2006.59}, {33, 2013.32},
{27, 2017.49}, {25, 2017.5}, {20, 2035.38}, {14, 2041.32}, {38, 2042.14},
{4, 2042.23}, {16, 2049.09}, {9, 2053.09}, {17, 2057.68}, {11, 2058.29},
{2, 2064.73}, {0, 2072.35}, {30, 2073.08}, {22, 2080.06}, {19, 2080.67},
{7, 2092.97}, {24, 2104.45}, {34, 2113.57}, {5, 2119.94}, {9, 2123.76},
{12, 2127.96}, {14, 2129.78}, {28, 2133.92}, {26, 2134.06}, {3, 2137.09},
{39, 2138.43}, {1, 2145.47}, {21, 2168.89}, {15, 2178.68}, {17, 2179.01},
{31, 2180.89}, {7, 2183.42}, {10, 2185.89}, {18, 2195.41}, {23, 2200.72},
{20, 2205.4}, {12, 2213.32}, {35, 2216.03}, {8, 2227.33}, {5, 2230.15},
{25, 2230.73}, {40, 2236.86}, {29, 2252.98}, {27, 2253.7}, {6, 2257.5},
{13, 2261.29}, {3, 2261.75}, {15, 2276.26}, {1, 2277.62}, {4, 2278.29},
{2, 2290.52}, {32, 2290.84}, {0, 2294.55}, {10, 2295.88}, {22, 2304.32},
{16, 2313.79}, {18, 2316.15}, {11, 2319.94}, {36, 2320.71}, {24, 2325.},
{19, 2332.68}, {21, 2334.97}, {41, 2337.42}, {26, 2359.78}, {9, 2364.41},
{8, 2367.22}, {30, 2374.52}, {28, 2376.53}, {13, 2378.67}, {14, 2395.35},
{7, 2398.19}, {33, 2402.93}, {5, 2422.7}, {6, 2423.6}, {37, 2427.6},
{16, 2432.37}, {3, 2438.67}, {42, 2440.11}, {23, 2441.27}, {1, 2446.55},
{17, 2448.72}, {25, 2453.03}, {12, 2456.59}, {19, 2460.94}, {4, 2464.14},
{20, 2469.71}, {22, 2469.72}, {11, 2474.38}, {2, 2488.57}, {27, 2491.41},
{0, 2496.74}, {31, 2498.41}, {29, 2502.66}, {10, 2504.7}, {34, 2517.18},
{15, 2531.62}, {38, 2536.7}, {8, 2542.3}, {43, 2544.92}, {14, 2550.58},
{9, 2555.9}, {6, 2570.55}, {24, 2579.56}, {26, 2584.94}, {18, 2585.03},
{4, 2590.16}, {17, 2595.74}, {13, 2596.41}, {2, 2601.66}, {0, 2605.44},
{21, 2607.27}, {23, 2609.87}, {20, 2612.95}, {7, 2621.49}, {32, 2624.53},
{28, 2625.47}, {30, 2632.16}, {35, 2633.6}, {39, 2648.}, {11, 2648.62},
{44, 2651.85}, {12, 2657.27}, {16, 2670.82}, {5, 2671.}, {9, 2690.35},
{3, 2704.48}, {25, 2719.23}, {27, 2720.78}, {1, 2721.58}, {7, 2722.57},
{19, 2723.65}, {15, 2726.97}, {14, 2739.91}, {5, 2745.81}, {22, 2746.19},
{10, 2747.61}, {36, 2752.2}, {33, 2752.79}, {24, 2755.41}, {3, 2760.54},
{45, 2760.91}, {40, 2761.51}, {29, 2761.88}, {18, 2764.41}, {31, 2765.06},
{1, 2767.46}, {21, 2771.17}, {12, 2796.92}, {17, 2813.44}, {8, 2820.6},
{13, 2842.43}, {10, 2843.82}, {26, 2860.51}, {28, 2860.56}, {20, 2865.18},
{46, 2872.09}, {37, 2872.98}, {6, 2875.78}, {41, 2877.23}, {8, 2881.83},
{34, 2883.12}, {23, 2887.16}, {15, 2887.78}, {30, 2900.63}, {32, 2901.38},
{16, 2906.01}, {25, 2906.12}, {4, 2912.12}, {6, 2912.12}, {2, 2930.62},
{22, 2934.43}, {0, 2936.07}, {4, 2936.37}, {19, 2936.81}, {11, 2937.41},
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{13, 2951.26}, {2, 2954.04}, {18, 2960.05}, {0, 2960.62}, {47, 2985.39},
{42, 2995.15}, {38, 2995.95}, {27, 3003.68}, {29, 3004.22}, {9, 3007.4},
{11, 3007.49}, {21, 3010.09}, {35, 3015.48}, {14, 3025.79}, {24, 3030.71},
{33, 3041.06}, {16, 3041.27}, {31, 3041.75}, {7, 3052.45}, {26, 3061.57},
{9, 3061.78}, {5, 3081.22}, {17, 3085.18}, {3, 3099.06}, {48, 3100.81},
{23, 3101.63}, {1, 3107.72}, {19, 3111.38}, {20, 3111.41}, {7, 3115.02},
{43, 3115.26}, {12, 3115.48}, {14, 3115.48}, {39, 3121.12}, {28, 3149.08},
{36, 3149.84}, {30, 3151.64}, {22, 3158.82}, {5, 3159.34}, {10, 3175.79},
{25, 3177.24}, {34, 3184.04}, {32, 3185.31}, {3, 3189.93}, {12, 3191.01}}

In[207]:=

Neueigs[0, 1, 52, 3200.]
NeueigsWithn[0, 1, 52, 3200.]

Out[207]=

{0., 0., 0., 5.45768, 5.45768, 6.12254, 6.12254, 6.77992, 12.5684, 12.5684,
14.4071, 14.4071, 20.8919, 20.8919, 25.0323, 25.0323, 26.3746, 27.6377,
27.6377, 30.5677, 30.5677, 41.6902, 41.6902, 45.3463, 45.3463, 45.8992,
45.8992, 46.0096, 46.0096, 54.3022, 54.3022, 56.8486, 68.4232, 68.4232,
68.8419, 68.8419, 68.8569, 68.8569, 68.9039, 68.9039, 70.85, 84.063, 84.063,
91.9745, 91.9745, 93.4372, 93.4372, 96.2036, 96.2036, 97.9127, 97.9127,
101.227, 101.227, 101.653, 101.653, 119.917, 119.917, 120.024, 120.024,
124.779, 124.779, 127.773, 127.773, 132.1, 132.1, 135.021, 140.136, 140.136,
142.927, 142.927, 145.737, 148.875, 148.875, 158.65, 158.65, 161.883, 161.883,
163.321, 163.321, 170.718, 170.718, 172.965, 172.965, 180.19, 180.19, 185.16,
185.16, 190.94, 190.94, 195.509, 195.509, 202.542, 202.542, 203.27, 203.27,
209.968, 209.968, 213.007, 213.007, 213.938, 213.938, 214.169, 214.169,
218.92, 235.893, 235.893, 236.305, 236.305, 243.323, 243.323, 244.983,
244.983, 251.083, 251.083, 258.289, 258.289, 258.488, 258.488, 264.172,
264.172, 265.855, 265.855, 267.263, 267.263, 274.061, 280.191, 280.191,
289.996, 289.996, 291.344, 291.344, 293.568, 293.568, 299.003, 299.003,
306.016, 306.016, 307.055, 307.055, 319.105, 319.105, 322.555, 324.495,
324.495, 328.759, 328.759, 332.169, 332.169, 335.563, 335.563, 336.818,
336.818, 350.577, 350.577, 355.828, 355.828, 356.952, 356.952, 357.057,
357.057, 360.212, 360.212, 375.504, 375.504, 381.22, 381.22, 381.861,
381.861, 384.458, 384.458, 384.877, 384.877, 390.938, 390.938, 400.11,
400.11, 407.565, 407.565, 416.837, 416.837, 418.584, 418.584, 426.454,
426.454, 428.756, 428.756, 434.043, 434.043, 438.384, 438.384, 438.557,
438.557, 439.58, 439.58, 441.853, 445.928, 446.82, 446.82, 461.216, 461.216,
463.5, 463.5, 467.364, 467.364, 478.213, 478.213, 482.556, 482.556, 484.506,
484.506, 497.944, 497.944, 499.199, 499.199, 501.776, 501.776, 502.075,
502.075, 509.847, 509.847, 513.37, 513.37, 516.852, 516.852, 528.521,
528.521, 534.161, 534.161, 536.531, 536.531, 539.122, 539.122, 541.494,
541.494, 542.179, 542.179, 551.997, 551.997, 562.369, 562.369, 567.488,
567.488, 568.123, 568.123, 574.567, 574.567, 583.813, 583.813, 584.028,
584.028, 589.038, 589.411, 589.411, 590.325, 590.325, 602.314, 602.314,
607.169, 607.169, 620.482, 620.482, 626.324, 626.324, 626.976, 626.976,
631.5, 631.5, 634.455, 634.455, 638.173, 638.173, 638.225, 638.225, 641.678,
641.678, 646.028, 646.028, 649.118, 657.981, 657.981, 666.916, 666.916,
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671.668, 671.668, 673.088, 673.088, 674.943, 674.943, 675.738, 675.738,
696.609, 696.609, 703.728, 703.728, 704.766, 704.766, 705.034, 705.034,
711.42, 711.42, 712.319, 712.319, 717.712, 717.712, 717.89, 717.89, 735.482,
735.482, 747.206, 747.206, 747.67, 747.67, 747.945, 747.945, 749.08, 749.08,
751.888, 761.118, 761.118, 763.483, 763.483, 764.771, 764.771, 765.473,
765.473, 765.64, 765.64, 782.703, 782.703, 786.57, 786.57, 787.36, 787.36,
790.25, 790.25, 814.919, 814.919, 816.941, 816.941, 818.633, 818.633,
823.398, 823.398, 825.175, 825.175, 825.327, 825.327, 828.087, 828.087,
832.648, 832.648, 839.849, 839.849, 857.679, 857.679, 860.18, 860.18,
864.222, 864.222, 865.553, 865.553, 865.727, 865.727, 871.092, 871.092,
872.524, 872.524, 886.591, 886.591, 889.283, 889.283, 895.861, 897.645,
897.645, 903.106, 903.106, 903.306, 903.306, 907.408, 907.408, 918.064,
918.064, 921.599, 921.599, 922.069, 922.069, 931.764, 931.764, 934.476,
945.68, 945.68, 949.227, 949.227, 952.662, 952.662, 955.365, 955.365,
957.862, 957.862, 959.747, 959.747, 969.985, 969.985, 971.916, 971.916,
971.93, 971.93, 987.683, 987.683, 994.227, 994.227, 995.31, 995.31, 1007.19,
1007.19, 1019.14, 1019.14, 1023.58, 1023.58, 1024.56, 1024.56, 1027.32,
1027.32, 1027.56, 1027.56, 1028.08, 1028.08, 1032.75, 1032.75, 1036.11,
1036.11, 1037.19, 1037.19, 1045.4, 1045.4, 1046.63, 1046.63, 1049.02,
1049.02, 1052.55, 1052.55, 1076.67, 1076.67, 1078.79, 1078.79, 1084.25,
1084.25, 1085.81, 1085.81, 1093.94, 1093.94, 1095.38, 1095.38, 1111.16,
1111.16, 1113.37, 1113.37, 1124.38, 1124.38, 1126.27, 1126.27, 1127.32,
1127.32, 1129.19, 1129.19, 1131.32, 1131.32, 1136.8, 1137.35, 1137.35,
1142.7, 1142.7, 1146.54, 1146.54, 1151.37, 1151.37, 1156.55, 1156.55,
1166.45, 1166.45, 1170.22, 1170.22, 1175.37, 1175.37, 1180.88, 1180.88,
1182.08, 1182.12, 1182.12, 1196.5, 1196.5, 1202.68, 1202.68, 1204.33,
1204.33, 1207.66, 1207.66, 1215.06, 1215.06, 1218.55, 1218.55, 1227.46,
1227.46, 1230.17, 1230.17, 1234.96, 1234.96, 1241.1, 1241.1, 1244.24,
1244.24, 1245.5, 1245.5, 1251.93, 1251.93, 1256.14, 1256.14, 1264.19,
1264.19, 1268.14, 1268.14, 1282.83, 1282.83, 1282.91, 1282.91, 1283.67,
1283.67, 1293.01, 1293.01, 1296.28, 1296.28, 1309.92, 1309.92, 1317.9,
1317.9, 1318.86, 1318.86, 1321.18, 1321.18, 1322.69, 1322.69, 1325.34,
1325.34, 1327.23, 1327.23, 1329.7, 1329.7, 1338.05, 1338.05, 1341.79, 1341.79,
1346.46, 1346.46, 1354.69, 1354.69, 1358.87, 1366.33, 1366.33, 1370.06,
1370.06, 1372.76, 1372.76, 1382.37, 1382.37, 1387.04, 1387.04, 1387.77,
1387.77, 1391.17, 1391.17, 1391.79, 1391.79, 1396.85, 1396.85, 1401.03,
1401.03, 1423.17, 1423.17, 1425.91, 1425.91, 1434.25, 1434.25, 1435.16,
1435.16, 1444.01, 1444.01, 1450.03, 1450.03, 1452.13, 1452.13, 1457.89,
1457.89, 1463.85, 1463.85, 1468.48, 1468.48, 1474.91, 1474.91, 1475.54,
1475.54, 1476.34, 1476.34, 1477.95, 1477.95, 1481.13, 1481.13, 1492.23,
1492.23, 1492.68, 1492.68, 1494.51, 1494.51, 1496.19, 1496.19, 1499.47,
1499.47, 1507.78, 1517.61, 1517.61, 1524.03, 1524.03, 1525.51, 1525.51,
1536.77, 1536.77, 1541.96, 1541.96, 1556.77, 1556.77, 1557.04, 1557.04,
1561.19, 1561.19, 1566.43, 1566.43, 1571.13, 1571.13, 1581.03, 1581.03,
1584.05, 1584.05, 1584.13, 1584.13, 1586.05, 1586.05, 1594.66, 1594.66,
1597.12, 1597.12, 1599.66, 1599.66, 1600.42, 1600.42, 1600.68, 1605.92,
1605.92, 1607.63, 1607.63, 1628.33, 1628.33, 1630.63, 1630.63, 1646.57,
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1646.57, 1652.13, 1652.13, 1652.39, 1652.39, 1653.45, 1653.45, 1655.74,
1655.74, 1665.06, 1665.06, 1665.34, 1665.34, 1667.18, 1667.18, 1677.23,
1677.23, 1683.11, 1683.11, 1685.63, 1685.63, 1695.03, 1695.03, 1701.15,
1701.15, 1708.62, 1708.62, 1713.75, 1713.75, 1721.14, 1721.14, 1721.61,
1721.61, 1721.9, 1721.9, 1722.37, 1722.37, 1728.19, 1728.19, 1728.31,
1728.31, 1734.1, 1734.1, 1736.53, 1736.53, 1737.55, 1737.55, 1749.96,
1749.96, 1769.23, 1769.23, 1771.9, 1771.9, 1773.03, 1773.03, 1781.66,
1781.66, 1785.5, 1785.5, 1794.81, 1794.81, 1807.97, 1807.97, 1811.29,
1811.29, 1811.81, 1811.81, 1823.78, 1823.78, 1827.02, 1827.02, 1832.09,
1832.09, 1832.94, 1832.94, 1837.75, 1837.75, 1840.41, 1840.41, 1843.17,
1843.17, 1844.97, 1844.97, 1849.07, 1849.07, 1849.81, 1849.81, 1852.85,
1852.85, 1859.77, 1859.77, 1862.22, 1868.35, 1868.35, 1870.26, 1870.26,
1872.52, 1872.52, 1872.96, 1886.56, 1886.56, 1889.7, 1889.7, 1900.51,
1900.51, 1901.03, 1901.03, 1915.59, 1915.59, 1922.46, 1922.46, 1930.1,
1930.1, 1932.87, 1932.87, 1948.9, 1948.9, 1952.01, 1952.01, 1955., 1955.,
1955.81, 1955.81, 1963.35, 1963.35, 1965.67, 1965.67, 1966.34, 1966.34,
1966.73, 1966.73, 1967.5, 1967.5, 1970.44, 1970.44, 1970.75, 1970.75,
1989.17, 1989.17, 1990.69, 1990.69, 1999.18, 1999.18, 2009.54, 2009.54,
2011.15, 2011.15, 2015.14, 2015.14, 2023.88, 2023.88, 2027.07, 2027.07,
2037.78, 2037.78, 2038.26, 2038.26, 2041.67, 2041.67, 2054.22, 2054.22,
2056.61, 2056.61, 2065.82, 2065.82, 2067.12, 2067.12, 2068.53, 2068.53,
2069.15, 2069.15, 2075.71, 2075.71, 2082.12, 2082.12, 2088.63, 2088.63,
2098.37, 2098.37, 2099.04, 2099.04, 2099.53, 2099.53, 2102.23, 2102.23,
2104.22, 2104.22, 2105.63, 2105.63, 2121.52, 2121.52, 2125.77, 2125.77,
2139.15, 2139.15, 2143.5, 2145.64, 2145.64, 2146.43, 2146.43, 2151.77,
2151.77, 2155.29, 2155.29, 2157.84, 2157.84, 2163.71, 2163.71, 2169.59,
2169.59, 2183.8, 2183.8, 2197.48, 2197.48, 2200.67, 2200.67, 2202.9, 2202.9,
2203.85, 2203.85, 2204.58, 2204.58, 2208.29, 2208.29, 2213.13, 2213.13,
2216., 2216., 2227.95, 2227.95, 2233.31, 2233.31, 2238.91, 2238.91, 2244.51,
2244.51, 2246.32, 2246.32, 2261.05, 2261.05, 2265.43, 2265.43, 2269.73,
2269.73, 2273.43, 2273.43, 2273.61, 2273.61, 2274.16, 2274.16, 2277.61,
2281.04, 2281.04, 2281.87, 2281.87, 2282.31, 2282.31, 2283.97, 2283.97,
2290.53, 2290.53, 2304.2, 2304.2, 2321.25, 2321.25, 2333.5, 2333.5, 2337.71,
2337.71, 2337.84, 2337.84, 2340.73, 2340.73, 2347.65, 2347.65, 2348.36,
2348.36, 2359.75, 2359.75, 2369.1, 2369.1, 2378.78, 2378.78, 2380.87,
2380.87, 2385.95, 2385.95, 2390.79, 2390.79, 2393.34, 2393.34, 2395.35,
2395.35, 2406.69, 2406.69, 2408.58, 2408.58, 2419.48, 2419.48, 2420.14,
2420.14, 2420.98, 2420.98, 2428.87, 2428.87, 2429.55, 2429.55, 2440.66,
2440.66, 2443.35, 2443.35, 2444.53, 2447.21, 2447.21, 2476.06, 2476.06,
2478.07, 2478.07, 2478.94, 2478.94, 2485.1, 2485.1, 2485.4, 2485.4, 2489.74,
2489.74, 2492.65, 2492.65, 2494.18, 2494.18, 2497.96, 2497.96, 2501.58,
2501.58, 2507.13, 2507.13, 2511.31, 2511.31, 2513.96, 2513.96, 2514.64,
2514.64, 2522.5, 2522.5, 2542.13, 2542.13, 2555.74, 2555.74, 2559.84,
2559.84, 2560.34, 2560.34, 2564.92, 2564.92, 2575.61, 2575.61, 2579.33,
2579.33, 2585.99, 2585.99, 2594.33, 2594.33, 2600.78, 2600.78, 2601.55,
2601.55, 2602.33, 2602.33, 2618.05, 2618.05, 2620.16, 2620.16, 2620.79,
2620.79, 2622.52, 2622.52, 2624.61, 2624.61, 2626.71, 2626.71, 2631.68,
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2631.68, 2637.64, 2637.64, 2643.56, 2643.56, 2648.06, 2648.06, 2662.34,
2662.34, 2670.91, 2670.91, 2685.95, 2685.95, 2696.76, 2696.76, 2697.54,
2697.54, 2702.54, 2702.54, 2705.25, 2705.25, 2706.72, 2706.72, 2708.05,
2708.05, 2712.3, 2712.3, 2712.5, 2712.5, 2713.99, 2713.99, 2721.74,
2726.92, 2726.92, 2735.18, 2735.18, 2744.42, 2744.42, 2753.05, 2753.05,
2762.47, 2762.47, 2762.54, 2762.54, 2764.84, 2764.84, 2765.11, 2765.11,
2765.29, 2771.76, 2771.76, 2771.99, 2771.99, 2772.7, 2772.7, 2776.83,
2776.83, 2777.28, 2777.28, 2792.48, 2792.48, 2825.56, 2825.56, 2829.38,
2829.38, 2829.41, 2829.41, 2837.92, 2837.92, 2840.81, 2840.81, 2840.88,
2840.88, 2847.76, 2847.76, 2854.97, 2854.97, 2856.07, 2856.07, 2862.56,
2862.56, 2868.53, 2868.53, 2873.77, 2873.77, 2878.62, 2878.62, 2887.88,
2887.88, 2889.25, 2889.25, 2902.4, 2902.4, 2904.14, 2904.14, 2914.41,
2914.41, 2917.67, 2917.67, 2917.68, 2917.68, 2919.92, 2919.92, 2927.78,
2927.78, 2928.27, 2928.27, 2931.44, 2931.44, 2940.86, 2940.86, 2946.86,
2946.86, 2946.95, 2946.95, 2951.04, 2951.04, 2952.19, 2952.19, 2957.24,
2957.24, 2960.98, 2960.98, 2978.5, 2978.5, 2989.34, 2989.34, 2995.04,
2995.04, 2997.87, 2997.87, 3010.35, 3010.35, 3010.45, 3010.45, 3015.23,
3015.23, 3016.95, 3016.95, 3018.05, 3018.05, 3021.33, 3021.33, 3041.39,
3041.39, 3043.89, 3043.89, 3055.69, 3055.69, 3061.55, 3061.55, 3066.28,
3066.28, 3066.72, 3066.72, 3066.99, 3066.99, 3068.57, 3068.57, 3070.53,
3070.53, 3086.95, 3086.95, 3091.6, 3091.6, 3093.56, 3093.56, 3094.6,
3094.6, 3101.18, 3101.18, 3105.79, 3120.05, 3120.05, 3125.23, 3125.23,
3134.23, 3134.23, 3140.14, 3140.14, 3144.04, 3144.04, 3148.94, 3148.94,
3155.53, 3155.53, 3165.82, 3165.82, 3166.77, 3166.77, 3170.01, 3170.01,
3172.21, 3172.21, 3175.65, 3175.65, 3176.8, 3176.8, 3179.65, 3179.65,
3183.65, 3183.65, 3188.67, 3188.67, 3189.9, 3189.9, 3197.84, 3197.84}

Out[208]=

{{0, 0.}, {1, 0.}, {2, 5.45768}, {1, 6.12254}, {0, 6.77992}, {3, 12.5684},
{2, 14.4071}, {4, 20.8919}, {1, 25.0323}, {0, 26.3746}, {3, 27.6377},
{5, 30.5677}, {6, 41.6902}, {1, 45.3463}, {4, 45.8992}, {2, 46.0096},
{7, 54.3022}, {0, 56.8486}, {8, 68.4232}, {5, 68.8419}, {3, 68.8569},
{2, 68.9039}, {0, 70.85}, {9, 84.063}, {1, 91.9745}, {4, 93.4372}, {6, 96.2036},
{3, 97.9127}, {10, 101.227}, {1, 101.653}, {11, 119.917}, {5, 120.024},
{2, 124.779}, {7, 127.773}, {4, 132.1}, {0, 135.021}, {12, 140.136}, {2, 142.927},
{0, 145.737}, {6, 148.875}, {3, 158.65}, {13, 161.883}, {8, 163.321},
{5, 170.718}, {1, 172.965}, {7, 180.19}, {14, 185.16}, {3, 190.94}, {4, 195.509},
{9, 202.542}, {1, 203.27}, {15, 209.968}, {6, 213.007}, {2, 213.938},
{8, 214.169}, {0, 218.92}, {5, 235.893}, {16, 236.305}, {4, 243.323},
{10, 244.983}, {9, 251.083}, {7, 258.289}, {3, 258.488}, {17, 264.172},
{2, 265.855}, {1, 267.263}, {0, 274.061}, {6, 280.191}, {11, 289.996},
{10, 291.344}, {18, 293.568}, {5, 299.003}, {8, 306.016}, {4, 307.055},
{2, 319.105}, {0, 322.555}, {19, 324.495}, {7, 328.759}, {3, 332.169},
{11, 335.563}, {12, 336.818}, {1, 350.577}, {9, 355.828}, {20, 356.952},
{6, 357.057}, {5, 360.212}, {3, 375.504}, {1, 381.22}, {8, 381.861},
{12, 384.458}, {13, 384.877}, {21, 390.938}, {4, 400.11}, {10, 407.565},
{7, 416.837}, {6, 418.584}, {22, 426.454}, {2, 428.756}, {14, 434.043},
{4, 438.384}, {13, 438.557}, {9, 439.58}, {0, 441.853}, {0, 445.928}, {2, 446.82},
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{11, 461.216}, {23, 463.5}, {5, 467.364}, {8, 478.213}, {7, 482.556},
{15, 484.506}, {14, 497.944}, {3, 499.199}, {10, 501.776}, {24, 502.075},
{5, 509.847}, {1, 513.37}, {12, 516.852}, {3, 528.521}, {6, 534.161},
{16, 536.531}, {1, 539.122}, {9, 541.494}, {25, 542.179}, {8, 551.997},
{15, 562.369}, {4, 567.488}, {11, 568.123}, {13, 574.567}, {26, 583.813},
{2, 584.028}, {0, 589.038}, {6, 589.411}, {17, 590.325}, {7, 602.314},
{10, 607.169}, {4, 620.482}, {9, 626.324}, {27, 626.976}, {16, 631.5},
{14, 634.455}, {12, 638.173}, {5, 638.225}, {2, 641.678}, {18, 646.028},
{0, 649.118}, {3, 657.981}, {1, 666.916}, {28, 671.668}, {8, 673.088},
{7, 674.943}, {11, 675.738}, {15, 696.609}, {19, 703.728}, {10, 704.766},
{17, 705.034}, {13, 711.42}, {6, 712.319}, {5, 717.712}, {29, 717.89},
{4, 735.482}, {9, 747.206}, {12, 747.67}, {2, 747.945}, {3, 749.08}, {0, 751.888},
{16, 761.118}, {20, 763.483}, {8, 764.771}, {1, 765.473}, {30, 765.64},
{18, 782.703}, {11, 786.57}, {14, 787.36}, {7, 790.25}, {31, 814.919},
{5, 816.941}, {6, 818.633}, {13, 823.398}, {10, 825.175}, {21, 825.327},
{17, 828.087}, {3, 832.648}, {1, 839.849}, {9, 857.679}, {4, 860.18},
{19, 864.222}, {15, 865.553}, {32, 865.727}, {12, 871.092}, {8, 872.524},
{2, 886.591}, {22, 889.283}, {0, 895.861}, {18, 897.645}, {6, 903.106},
{14, 903.306}, {11, 907.408}, {33, 918.064}, {7, 921.599}, {4, 922.069},
{2, 931.764}, {0, 934.476}, {16, 945.68}, {20, 949.227}, {10, 952.662},
{23, 955.365}, {13, 957.862}, {9, 959.747}, {19, 969.985}, {5, 971.916},
{34, 971.93}, {15, 987.683}, {12, 994.227}, {7, 995.31}, {3, 1007.19},
{5, 1019.14}, {24, 1023.58}, {8, 1024.56}, {35, 1027.32}, {17, 1027.56},
{1, 1028.08}, {3, 1032.75}, {1, 1036.11}, {21, 1037.19}, {20, 1045.4},
{14, 1046.63}, {11, 1049.02}, {10, 1052.55}, {16, 1076.67}, {6, 1078.79},
{36, 1084.25}, {13, 1085.81}, {25, 1093.94}, {8, 1095.38}, {18, 1111.16},
{4, 1113.37}, {21, 1124.38}, {9, 1126.27}, {22, 1127.32}, {6, 1129.19},
{2, 1131.32}, {0, 1136.8}, {15, 1137.35}, {37, 1142.7}, {12, 1146.54},
{11, 1151.37}, {4, 1156.55}, {26, 1166.45}, {17, 1170.22}, {2, 1175.37},
{7, 1180.88}, {0, 1182.08}, {14, 1182.12}, {19, 1196.5}, {38, 1202.68},
{9, 1204.33}, {22, 1207.66}, {5, 1215.06}, {23, 1218.55}, {10, 1227.46},
{16, 1230.17}, {3, 1234.96}, {27, 1241.1}, {1, 1244.24}, {13, 1245.5},
{7, 1251.93}, {12, 1256.14}, {39, 1264.19}, {18, 1268.14}, {8, 1282.83},
{15, 1282.91}, {20, 1283.67}, {5, 1293.01}, {23, 1296.28}, {24, 1309.92},
{28, 1317.9}, {6, 1318.86}, {10, 1321.18}, {3, 1322.69}, {17, 1325.34},
{40, 1327.23}, {11, 1329.7}, {1, 1338.05}, {4, 1341.79}, {14, 1346.46},
{2, 1354.69}, {0, 1358.87}, {13, 1366.33}, {19, 1370.06}, {21, 1372.76},
{8, 1382.37}, {9, 1387.04}, {16, 1387.77}, {24, 1391.17}, {41, 1391.79},
{29, 1396.85}, {25, 1401.03}, {18, 1423.17}, {7, 1425.91}, {12, 1434.25},
{6, 1435.16}, {11, 1444.01}, {15, 1450.03}, {5, 1452.13}, {42, 1457.89},
{22, 1463.85}, {3, 1468.48}, {4, 1474.91}, {20, 1475.54}, {1, 1476.34},
{30, 1477.95}, {14, 1481.13}, {26, 1492.23}, {25, 1492.68}, {10, 1494.51},
{17, 1496.19}, {2, 1499.47}, {0, 1507.78}, {9, 1517.61}, {19, 1524.03},
{43, 1525.51}, {8, 1536.77}, {13, 1541.96}, {16, 1556.77}, {23, 1557.04},
{31, 1561.19}, {6, 1566.43}, {12, 1571.13}, {7, 1581.03}, {21, 1584.05},
{27, 1584.13}, {4, 1586.05}, {44, 1594.66}, {2, 1597.12}, {15, 1599.66},
{26, 1600.42}, {0, 1600.68}, {11, 1605.92}, {18, 1607.63}, {20, 1628.33},
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{5, 1630.63}, {32, 1646.57}, {9, 1652.13}, {24, 1652.39}, {14, 1653.45},
{10, 1655.74}, {3, 1665.06}, {45, 1665.34}, {17, 1667.18}, {28, 1677.23},
{1, 1683.11}, {7, 1685.63}, {22, 1695.03}, {13, 1701.15}, {5, 1708.62},
{27, 1713.75}, {16, 1721.14}, {19, 1721.61}, {12, 1721.9}, {3, 1722.37},
{8, 1728.19}, {1, 1728.31}, {33, 1734.1}, {21, 1736.53}, {46, 1737.55},
{25, 1749.96}, {15, 1769.23}, {29, 1771.9}, {10, 1773.03}, {18, 1781.66},
{6, 1785.5}, {11, 1794.81}, {23, 1807.97}, {47, 1811.29}, {8, 1811.81},
{34, 1823.78}, {4, 1827.02}, {28, 1832.09}, {14, 1832.94}, {20, 1837.75},
{6, 1840.41}, {13, 1843.17}, {17, 1844.97}, {22, 1849.07}, {26, 1849.81},
{2, 1852.85}, {4, 1859.77}, {0, 1862.22}, {30, 1868.35}, {2, 1870.26},
{9, 1872.52}, {0, 1872.96}, {48, 1886.56}, {16, 1889.7}, {19, 1900.51},
{11, 1901.03}, {35, 1915.59}, {24, 1922.46}, {7, 1930.1}, {12, 1932.87},
{9, 1948.9}, {27, 1952.01}, {29, 1955.}, {21, 1955.81}, {49, 1963.35},
{15, 1965.67}, {23, 1966.34}, {31, 1966.73}, {5, 1967.5}, {14, 1970.44},
{18, 1970.75}, {3, 1989.17}, {7, 1990.69}, {1, 1999.18}, {36, 2009.54},
{10, 2011.15}, {17, 2015.14}, {20, 2023.88}, {5, 2027.07}, {12, 2037.78},
{25, 2038.26}, {50, 2041.67}, {3, 2054.22}, {28, 2056.61}, {8, 2065.82},
{32, 2067.12}, {1, 2068.53}, {13, 2069.15}, {22, 2075.71}, {30, 2082.12},
{24, 2088.63}, {19, 2098.37}, {16, 2099.04}, {10, 2099.53}, {6, 2102.23},
{15, 2104.22}, {37, 2105.63}, {51, 2121.52}, {4, 2125.77}, {2, 2139.15},
{0, 2143.5}, {18, 2145.64}, {11, 2146.43}, {21, 2151.77}, {26, 2155.29},
{8, 2157.84}, {29, 2163.71}, {33, 2169.59}, {13, 2183.8}, {23, 2197.48},
{9, 2200.67}, {52, 2202.9}, {38, 2203.85}, {14, 2204.58}, {6, 2208.29},
{31, 2213.13}, {25, 2216.}, {20, 2227.95}, {17, 2233.31}, {7, 2238.91},
{16, 2244.51}, {4, 2246.32}, {11, 2261.05}, {5, 2265.43}, {2, 2269.73},
{30, 2273.43}, {27, 2273.61}, {34, 2274.16}, {0, 2277.61}, {19, 2281.04},
{12, 2281.87}, {3, 2282.31}, {22, 2283.97}, {1, 2290.53}, {39, 2304.2},
{24, 2321.25}, {9, 2333.5}, {10, 2337.71}, {14, 2337.84}, {15, 2340.73},
{32, 2347.65}, {26, 2348.36}, {21, 2359.75}, {18, 2369.1}, {8, 2378.78},
{35, 2380.87}, {31, 2385.95}, {17, 2390.79}, {28, 2393.34}, {7, 2395.35},
{40, 2406.69}, {6, 2408.58}, {13, 2419.48}, {23, 2420.14}, {20, 2420.98},
{4, 2428.87}, {12, 2429.55}, {2, 2440.66}, {5, 2443.35}, {0, 2444.53},
{25, 2447.21}, {3, 2476.06}, {11, 2478.07}, {16, 2478.94}, {33, 2485.1},
{27, 2485.4}, {36, 2489.74}, {1, 2492.65}, {22, 2494.18}, {15, 2497.96},
{32, 2501.58}, {19, 2507.13}, {41, 2511.31}, {10, 2513.96}, {29, 2514.64},
{9, 2522.5}, {18, 2542.13}, {7, 2555.74}, {24, 2559.84}, {14, 2560.34},
{21, 2564.92}, {26, 2575.61}, {5, 2579.33}, {8, 2585.99}, {3, 2594.33},
{37, 2600.78}, {1, 2601.55}, {13, 2602.33}, {42, 2618.05}, {17, 2620.16},
{33, 2620.79}, {12, 2622.52}, {34, 2624.61}, {28, 2626.71}, {23, 2631.68},
{30, 2637.64}, {6, 2643.56}, {20, 2648.06}, {16, 2662.34}, {10, 2670.91},
{4, 2685.95}, {11, 2696.76}, {19, 2697.54}, {25, 2702.54}, {15, 2705.25},
{27, 2706.72}, {8, 2708.05}, {22, 2712.3}, {2, 2712.5}, {38, 2713.99},
{0, 2721.74}, {43, 2726.92}, {6, 2735.18}, {34, 2744.42}, {4, 2753.05},
{31, 2762.47}, {2, 2762.54}, {35, 2764.84}, {18, 2765.11}, {0, 2765.29},
{29, 2771.76}, {13, 2771.99}, {24, 2772.7}, {9, 2776.83}, {14, 2777.28},
{21, 2792.48}, {11, 2825.56}, {39, 2829.38}, {17, 2829.41}, {44, 2837.92},
{7, 2840.81}, {28, 2840.88}, {26, 2847.76}, {16, 2854.97}, {20, 2856.07},
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{23, 2862.56}, {9, 2868.53}, {35, 2873.77}, {12, 2878.62}, {5, 2887.88},
{32, 2889.25}, {7, 2902.4}, {36, 2904.14}, {19, 2914.41}, {25, 2917.67},
{3, 2917.68}, {30, 2919.92}, {14, 2927.78}, {5, 2928.27}, {1, 2931.44},
{22, 2940.86}, {3, 2946.86}, {40, 2946.95}, {45, 2951.04}, {15, 2952.19},
{1, 2957.24}, {10, 2960.98}, {29, 2978.5}, {12, 2989.34}, {27, 2995.04},
{18, 2997.87}, {17, 3010.35}, {36, 3010.45}, {24, 3015.23}, {21, 3016.95},
{33, 3018.05}, {8, 3021.33}, {37, 3041.39}, {10, 3043.89}, {13, 3055.69},
{6, 3061.55}, {46, 3066.28}, {41, 3066.72}, {26, 3066.99}, {20, 3068.57},
{31, 3070.53}, {4, 3086.95}, {15, 3091.6}, {23, 3093.56}, {8, 3094.6},
{2, 3101.18}, {0, 3105.79}, {30, 3120.05}, {16, 3125.23}, {11, 3134.23},
{6, 3140.14}, {28, 3144.04}, {34, 3148.94}, {37, 3155.53}, {13, 3165.82},
{19, 3166.77}, {25, 3170.01}, {18, 3172.21}, {4, 3175.65}, {38, 3176.8},
{22, 3179.65}, {47, 3183.65}, {42, 3188.67}, {9, 3189.9}, {2, 3197.84}}

In[209]:=

MyNlambdaDisk[evs_, Λ_] :=
Sum[If[evs〚j〛〚1〛 ⩵ 0, 1, 2] UnitStep[Λ - evs〚j〛〚2〛], {j, 1, Length[evs]}];

Finding the number of harmonics to stop at

In[210]:=

findAllRoots[Direq[-0.5, 1, 47, Λ], {Λ, 0., 3000}]
findAllRoots[Direq[-0.5, 1, 48, Λ], {Λ, 0., 3000}]

Out[210]=

{2961.62}

Out[211]=

{}

In[212]:=

findAllRoots[Direq[3, 1, 46, Λ], {Λ, 0., 3000}]
findAllRoots[Direq[3, 1, 47, Λ], {Λ, 0., 3000}]

Out[212]=

{2900.41}

Out[213]=

{}

In[214]:=

findAllRoots[Direq[100, 1, 46, Λ], {Λ, 0., 3000}]
findAllRoots[Direq[100, 1, 47, Λ], {Λ, 0., 3000}]

Out[214]=

{2913.57}

Out[215]=

{}

Dirichlet counting functions

In[216]:=

evD1 = DireigsWithn[-0.5, 1, 47, 3000];
evD2 = DireigsWithn[3, 1, 46, 3000];
evD3 = DireigsWithn[100, 1, 46, 3000];
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In[219]:=

xtdisk = Table[{x, MaTeX[x]}, {x, 1000, 3000, 1000}];
ytdisk = Table[{x, MaTeX[x]}, {x, -60, -20, 20}];

In[221]:=

figdisk1 = Plot[{MyNlambdaDisk[evD1, Λ] - CWeyl[2, -0.5, 1] Pi Λ,
2 Pi BDir[2, αλ[-0.5, 1], 1] Sqrt[Λ], 2 Pi BDirLiu[2, -0.5, 1] Sqrt[Λ]},

{Λ, 0, 3000}, PlotStyle → {Black, Blue, Red}, Exclusions → None,
Ticks → {xtdisk, ytdisk}, AxesLabel → {MaTeX["\\Lambda"], None}, Epilog →

Inset[Framed[MaTeX["\\lambda=-0.5"], RoundingRadius → 2, ContentPadding →

False, FrameMargins → Tiny], Scaled[{0.1, 0}], Scaled[{0, 0}]]];
figdisk2 = Plot[{MyNlambdaDisk[evD2, Λ] - CWeyl[2, 3, 1] Pi Λ,

2 Pi BDir[2, αλ[3, 1], 1] Sqrt[Λ], 2 Pi BDirLiu[2, 3, 1] Sqrt[Λ]},
{Λ, 0, 3000}, PlotStyle → {Black, Blue, Red}, Exclusions → None,
Ticks → {xtdisk, ytdisk}, AxesLabel → {MaTeX["\\Lambda"], None}, Epilog →

Inset[Framed[MaTeX["\\lambda=3"], RoundingRadius → 2, ContentPadding →

False, FrameMargins → Tiny], Scaled[{0.1, 0}], Scaled[{0, 0}]]];
figdisk3 = Plot[{MyNlambdaDisk[evD3, Λ] - CWeyl[2, 100, 1] Pi Λ,

2 Pi BDir[2, αλ[100, 1], 1] Sqrt[Λ], 2 Pi BDirLiu[2, 100, 1] Sqrt[Λ]},
{Λ, 0, 3000}, PlotStyle → {Black, Blue, Red}, Exclusions → None,
Ticks → {xtdisk, ytdisk}, AxesLabel → {MaTeX["\\Lambda"], None}, Epilog →

Inset[Framed[MaTeX["\\lambda=100"], RoundingRadius → 2, ContentPadding →

False, FrameMargins → Tiny], Scaled[{0.1, 0}], Scaled[{0, 0}]]] ;
legendisk = LineLegend[{Black, Blue, Red},

MaTeX[{"\\text{computed }\\mathcal{N}_{\\mathrm{Dir}}(\\Lambda)-a\\pi
\\Lambda\\qquad\\qquad",

"2\\pi b_{\\mathrm{Dir}}\\sqrt{\\Lambda}\\qquad\\qquad",
"2\\pi b_{\\mathrm{Dir}}^{\\mathrm{Liu}}\\sqrt{\\Lambda}"}],

LegendFunction → None, LegendLayout → {"Row", 1}];
figdisk = GraphicsColumn[{GraphicsRow[{figdisk1, figdisk2, figdisk3},

ImageSize → Full, Spacings → {Scaled[0.05], Automatic}],
legendisk}, ImageSize → Full, Spacings → {0, Automatic}]

Out[225]=

In [ ] := Export["figdisk.pdf", figdisk]
Out[ ]=

figdisk.pdf

Finding the number of harmonics to stop at
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In[226]:=

findAllRoots[Neueq[-0.5, 1, 56, Λ], {Λ, 0., 2000}]
findAllRoots[Neueq[-0.5, 1, 57, Λ], {Λ, 0., 2000}]

Out[226]=

{1992.}

Out[227]=

{}

In[228]:=

findAllRoots[Neueq[3, 1, 45, Λ], {Λ, 0., 2000}]
findAllRoots[Neueq[3, 1, 46, Λ], {Λ, 0., 2000}]

Out[228]=

{1929.28}

Out[229]=

{}

In[230]:=

findAllRoots[Neueq[100, 1, 44, Λ], {Λ, 0., 2000}]
findAllRoots[Neueq[100, 1, 45, Λ], {Λ, 0., 2000}]

Out[230]=

{1915.88}

Out[231]=

{}

In[232]:=

evDfr1 = NeueigsWithn[-0.5, 1, 56, 2000];
evDfr2 = NeueigsWithn[3, 1, 45, 2000];
evDfr3 = NeueigsWithn[100, 1, 44, 2000];

In[235]:=

ytfrdisk = Table[{x, MaTeX["\\ " <> ToString[x]]}, {x, 20, 60, 20}];
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In[236]:=

figdiskfr1 = Plot[{MyNlambdaDisk[evDfr1, Λ] - CWeyl[2, -0.5, 1] Pi Λ,
2 Pi Bfree[2, αλ[-0.5, 1], 1] Sqrt[Λ]}, {Λ, 0, 2000},

PlotStyle → {Black, Blue}, Exclusions → None, Ticks → {xtdisk, ytfrdisk},
AxesLabel → {MaTeX["\\Lambda"], None}, Epilog → Inset[

Framed[MaTeX["\\lambda=-0.5"], RoundingRadius → 2, ContentPadding → False,
FrameMargins → Tiny], Scaled[{0.1, 1}], Scaled[{0, 1}]]];

figdiskfr2 = Plot[{MyNlambdaDisk[evDfr2, Λ] - CWeyl[2, 3, 1] Pi Λ,
2 Pi Bfree[2, αλ[3, 1], 1] Sqrt[Λ]}, {Λ, 0, 2000},

PlotStyle → {Black, Blue}, Exclusions → None, Ticks → {xtdisk, ytfrdisk},
AxesLabel → {MaTeX["\\Lambda"], None}, Epilog → Inset[

Framed[MaTeX["\\lambda=3"], RoundingRadius → 2, ContentPadding → False,
FrameMargins → Tiny], Scaled[{0.1, 1}], Scaled[{0, 1}]]];

figdiskfr3 = Plot[{MyNlambdaDisk[evDfr3, Λ] - CWeyl[2, 100, 1] Pi Λ,
2 Pi Bfree[2, αλ[100, 1], 1] Sqrt[Λ]}, {Λ, 0, 2000},

PlotStyle → {Black, Blue}, Exclusions → None, Ticks → {xtdisk, ytfrdisk},
AxesLabel → {MaTeX["\\Lambda"], None}, Epilog → Inset[

Framed[MaTeX["\\lambda=100"], RoundingRadius → 2, ContentPadding → False,
FrameMargins → Tiny], Scaled[{0.1, 1}], Scaled[{0, 1}]]] ;

legendiskfr = LineLegend[{Black, Blue},
MaTeX[{"\\text{computed }\\mathcal{N}_{\\mathrm{free}}(\\Lambda)-a\\pi

\\Lambda\\qquad\\qquad",
"2\\pi b_{\\mathrm{free}}\\sqrt{\\Lambda}\\qquad\\qquad"}],

LegendFunction → None, LegendLayout → {"Row", 1}];
figdiskfr = GraphicsColumn[{GraphicsRow[{figdiskfr1, figdiskfr2, figdiskfr3},

ImageSize → Full, Spacings → {Scaled[0.05], Automatic}],
legendiskfr}, ImageSize → Full, Spacings → {0, Automatic}]

Out[240]=

In [ ] := Export["figdiskfree.pdf", figdiskfr]
Out[ ]=

figdiskfree.pdf
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In[241]:=

figdiskfr1new = Plot[{MyNlambdaDisk[evDfr1, Λ] - CWeyl[2, -0.5, 1] Pi Λ,
2 Pi Bfree[2, αλ[-0.5, 1], 1] Sqrt[Λ], -2 Pi BDirLiu[2, -0.5, 1] Sqrt[Λ]},

{Λ, 0, 2000}, PlotStyle → {Black, Blue, Red}, Exclusions → None,
Ticks → {xtdisk, ytfrdisk}, AxesLabel → {MaTeX["\\Lambda"], None}, Epilog →

Inset[Framed[MaTeX["\\lambda=-0.5"], RoundingRadius → 2, ContentPadding →

False, FrameMargins → Tiny], Scaled[{0.1, 1}], Scaled[{0, 1}]]];
figdiskfr2new = Plot[{MyNlambdaDisk[evDfr2, Λ] - CWeyl[2, 3, 1] Pi Λ,

2 Pi Bfree[2, αλ[3, 1], 1] Sqrt[Λ], -2 Pi BDirLiu[2, 3, 1] Sqrt[Λ]},
{Λ, 0, 2000}, PlotStyle → {Black, Blue, Red}, Exclusions → None,
Ticks → {xtdisk, ytfrdisk}, AxesLabel → {MaTeX["\\Lambda"], None}, Epilog →

Inset[Framed[MaTeX["\\lambda=3"], RoundingRadius → 2, ContentPadding →

False, FrameMargins → Tiny], Scaled[{0.1, 1}], Scaled[{0, 1}]]];
figdiskfr3new = Plot[{MyNlambdaDisk[evDfr3, Λ] - CWeyl[2, 100, 1] Pi Λ,

2 Pi Bfree[2, αλ[100, 1], 1] Sqrt[Λ], -2 Pi BDirLiu[2, 100, 1] Sqrt[Λ]},
{Λ, 0, 2000}, PlotStyle → {Black, Blue, Red}, Exclusions → None,
Ticks → {xtdisk, ytfrdisk}, AxesLabel → {MaTeX["\\Lambda"], None}, Epilog →

Inset[Framed[MaTeX["\\lambda=100"], RoundingRadius → 2, ContentPadding →

False, FrameMargins → Tiny], Scaled[{0.1, 1}], Scaled[{0, 1}]]] ;
legendiskfrnew = LineLegend[{Black, Blue, Red},

MaTeX[{"\\text{computed }\\mathcal{N}_{\\mathrm{free}}(\\Lambda)-a\\pi
\\Lambda\\qquad\\qquad",

"2\\pi b_{\\mathrm{free}}\\sqrt{\\Lambda}\\qquad\\qquad",
"2\\pi b_{\\mathrm{free}}^{\\mathrm{Liu}}\\sqrt{\\Lambda}"}],

LegendFunction → None, LegendLayout → {"Row", 1}];
figdiskfrnew =

GraphicsColumn[{GraphicsRow[{figdiskfr1new, figdiskfr2new, figdiskfr3new},
ImageSize → Full, Spacings → {Scaled[0.05], Automatic}],

legendiskfrnew}, ImageSize → Full, Spacings → {0, Automatic}]
Out[245]=

In [ ] := Export["figdiskfreenew.pdf", figdiskfrnew]
Out[ ]=

figdiskfreenew.pdf
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